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Abstract
A finite, undirected graph is called locally connected, if the neighborhood of every vertex induces a
connected subgraph. In this paper we study the existence of edges in locally connected k-connected graphs
whose contraction keeps the graph locally connected k-connected.
As an application, we prove that the statement of the famous cycle double cover conjecture is true for
locally connected graphs.
Moreover, we prove that a conjecture of Plummer and Toft on cyclic colorings of 3-connected planar
graphs holds when restricted to locally connected graphs.
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1. Introduction
An edge in a finite, undirected simple graph G is k-contractible if the graph G/e obtained
from G by contracting e, i.e. identifying the vertices of e and eliminating multiple edges, is
k-connected.
The knowledge on the distribution of k-contractible edges in k-connected graphs has certainly
an appeal to be useful for inductive proofs. Indeed, the existence of a 3-contractible edge in
any 3-connected graph nonisomorphic to K4 whose contraction preserves 3-connectivity has
been used in [25] to give a short proof for the existence of convex straight line embeddings for
3-connected planar graphs. Another application, which uses a more sophisticated result on the
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cyclic colorings in 3-connected graphs [19]. Furthermore, the existence of a k-contractible edge
in a triangle free (k + 3)-connected graph led to the existence of an induced cycle C in every
(k + 3)-connected graph G such that G− V (C) is k-connected [24].
The distribution of k-contractible edges is subject of lasting studies, which seems to con-
tradict a certain lack of further applications. The reason for this could be that elementary
graph properties which are invariant under contraction of single edges are rare as well: Al-
most none of the “basic” graph invariants like maximum and minimum degree or chromatic
number is preserved by contracting edges or is at least monotone under this operation. (Em-
beddability into a given surface is maintained by contracting edges, and, more generally, any
graph class described by forbidden minors is closed under contraction by definition. Hence
the genus of G is an example of a graph invariant which does not increase by contracting
edges.)
Another reason for the lack of applications in case of higher connectivity within this area
is certainly the fact that for every k  4 the class of graphs which do not admit k-contractible
edges at all is infinite (see [12]). One could still hope for “good” characterizations of these
classes, but already the class of 4-connected graphs without 4-contractible edges is rich, which
is reflected by the observation that arbitrary large complete minors may occur here (and,
more specifically, by the stronger statement that most of these graphs are line graphs of cubic
cyclically 4-edge-connected graphs, a class of graphs which is far from being well under-
stood).
The aim of this paper is to show that locally connected k-connected graphs have similar con-
tractibility properties as k-connected graphs in general. In particular, we show that every vertex in
a locally connected 2-connected graph is incident with at least two edges whose contraction pre-
serves local connectivity (and, thus, 2-connectivity up to trivial cases). We obtain local properties
of vertices in locally connected 3-connected graphs which are not incident with a 3-contractible
edge whose contraction preserves also local connectivity, and we use the latter result to prove that
every locally connected 3-connected graph nonisomorphic to K4 admits a 3-contractible edge,
whose contraction maintains local connectivity, too.
The considerations extend to 4-connected graphs: Every locally connected 4-connected graph
contains a 4-contractible edge whose contraction preserves local connectivity, unless the graph
belongs to an infinite class of exceptional graphs—but in contrast to the above mentioned result
on arbitrary 4-connected graphs, the exceptional class is very simple: it consists of the squares
of cycles of length at least 5. To prove this result, we prove that if a 4-connected (not necessarily
locally connected) graph of minimum degree 4 has a 4-contractible edge then there must be a
4-contractible edge incident with a vertex of degree 4.
For higher connectivity, we construct a class of locally connected 5-regular essentially
6-connected graphs which cannot be contracted to any 5-connected graph by contracting less
than four edges.
As an application of these results, we prove that the statement of the famous cycle double
cover conjecture [22,23] holds for locally connected graphs.
Moreover, we sketch a proof for the statement that every 3-connected locally connected planar
graph without facial cycles of length exceeding k admits a vertex coloring with at most k + 2
colors such that no color occurs twice on the same facial cycle. This has been conjectured for
3-connected planar graphs in general by Plummer and Toft [19].
Finally, we touch upon open problems concerned with locally connected graphs.
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Let us start with the question under which conditions contracting an edge preserves local
connectivity. For terms and notation not defined here we refer to [1] or [4]. For a subset X of
the vertex set V (G) of a graph G, let us denote its neighborhood by NG(X) := {y ∈ V (G)−X:
xy ∈ E(G) for some x ∈ X}. For a single vertex x, we write for short NG(x) := NG({x}). By
G(X) := (X, {xy ∈ E(G): x, y ∈ X}) we denote the subgraph induced by X in G.
Lemma 1. If xy is an edge of a graph G such that G(NG(x)), G(NG(y)), and G(NG(y)) − x
are connected then G(NG({x, y})) is connected.
Proof. Let H := G(NG({x, y})). We may assume that there exists a vertex a ∈ NG(y) − {x},
for if, otherwise, NG(y) = {x} then y is isolated in the connected graph G(NG(x)), im-
plying NG(x) = {y}; so H would be the empty graph, which is trivially connected. Since
G(NG(y)) − x ⊆ H is connected, for every b ∈ NG(y) − {x} there exists a b, a-path in H . If
c ∈ NG(x) − {y} then there exists a nontrivial c, y-path P in G(NG(x)). P − {y} is a c, b-path
for some vertex b ∈ NG(y) contained in H , and, thus, there exists a c, a-path in H . Hence for all
d ∈ V (H), there exists a d, a-path in H . 
Let xy be an edge of a graph G. We say that the graph G/xy is obtained from G by contracting
xy (to a new vertex w), if V (G/xy) = (V (G)−{x, y})∪{w}, where w /∈ V (G), and E(G/xy) =
E(G− {x, y})∪ {wz: z ∈ NG({x, y})}; an edge uv ∈ E(G) and an edge u′v′ ∈ E(G/xy) corre-
spond to each other, if either uv = u′v′ or u ∈ {x, y} ∧ u′ = w ∧ v′ = v(∈ NG({x, y})).
Theorem 1. If xy is an edge of a locally connected graph G and G(NG(x))− y is connected or
G(NG(y))− x is connected then G/xy is locally connected.
Proof. Let G′ be the graph obtained from G by contracting xy to a single vertex w. If one of
G(NG(x)) − y, G(NG(y)) − x is connected then Lemma 1 applies either directly or to y, x for
x, y, proving that G′(NG′(w)) = G(NG({x, y})) is connected. Now consider some z ∈ V (G′)−
{w} ⊆ V (G). If z /∈ NG(w) then G′(NG′(z)) = G(NG(z)) is connected trivially. If, otherwise,
z is adjacent to one of x, y then G′(NG′(z)) is obtained from the connected graph G(NG(z) ∪
{x, y}) by contracting xy to w. It follows that G′(NG′(z)) is connected for all z ∈ V (G′). 
The condition to x, y in Theorem 1 is sufficient but not necessary for G/xy being locally
connected, as the graph in Fig. 1 shows, where the two vertices of degree 6 play the role of x, y.
Note that Theorem 1 is in fact a theorem on locally connected 2-connected graphs, since every
connected locally connected graph on at least 3 vertices is 2-connected as well (this generalizes
Fig. 1. Illustration for Theorem 1.
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following corollary.
Corollary 1. Every vertex of a locally connected 2-connected graph G is incident with two
edges such that the graph obtained from G by contracting either of them is locally connected
2-connected.
Proof. For x ∈ V (G), the graph G(NG(x)) has order at least 2 and, thus, admits a spanning tree
with at least two noncutvertices y, y′. So Theorem 1 applies to xy and to xy′ for xy. 
3. Locally connected 3-connected graphs
In order to prove the results of the next two sections we need further concepts from
graph connectivity theory. For a noncomplete graph, let κ(G) := min{|T |: T ⊆ V (G), G − T
is disconnected} be its connectivity. This extends to complete graphs Kn on n vertices by defining
κ(Kn) := min{n− 1,1}. Let T (G) := {T ⊆ V (G): |T | = κ(G), G− T is disconnected} denote
the set of smallest separators of G. We say that X ⊆ V (G) separates Y ⊆ V (G) if Y intersects
two distinct components of G − X. It is easy to see that T ∈ T (G) separates T ′ ∈ T (G) if and
only if T ′ separates T , which is in turn equivalent to the fact that T intersects every component
of G− T ′.
Consider a set S ⊆ P(V (G)) of vertex sets in G and let TS(G) := {T ∈ T (G): S ⊆ T
for some S ∈ S}. For T ∈ TS(G), the union of the vertex sets of at least one but not of all
components of G− T is called a T − S-fragment; an S-fragment is a T − S-fragment for some
T ∈ TS . Given a T −S-fragment F , T is uniquely determined by T = NG(F); for an S-fragment
F we shall frequently use TF instead of NG(F). Moreover, F := V (G) − (F ∪ NG(F)) is an
S-fragment, too, and F = F . An S-end is an inclusion minimal S-fragment; an S-end B will
also be called a TB −S-end. An S-atom A is an S-fragment of minimum cardinality; an S-atom
A will also be called a TA − S-atom.
If S = {∅} then the symbol S is left out, thus defining the concepts of T -fragments, fragments,
ends, and T -ends.
Fragments have the following fundamental property: If F is a T -fragment and F ′ is a T ′-
fragment such that F ∩ F ′ 	= ∅ then
|F ∩ T ′| |F ′ ∩ T |, (1)
and if equality holds in (1) then F ∩ F ′ is a TG(F,F ′)-fragment, where TG(F,F ′) = (F ∩
NG(F
′))∪ (NG(F )∩NG(F ′))∪ (NG(F )∩ F ′). (For a proof see, for example, [14].)
Suppose that F is an S-end and that there exists an S′ ∈ S and a T ′ ∈ T (G) such that S′ ⊆
T ′ − F and T ′ ∩ F 	= ∅. For this setup, we mention some important consequences (see also
[14, Lemma 1]).
If F ′ is any T ′-fragment then S′ ⊆ TG(F,F ′) holds, and F ∩F ′  F cannot be an S-fragment.
If F ′ intersects F then, by (1), |F ∩ T ′| > |F ′ ∩ T |, and |F ′ ∩ T | > |F ∩ T ′|  0; it follows
F ∩ F ′ = ∅, for otherwise (1) applied to F,F ′ instead of F,F ′ would cause a contradiction. If
F ′ does not intersect F then |F ′ ∩ T | > 0 holds as well, since every vertex in T ′ ∩ F must have
a neighbor in F ′ ∩ (F ∪ T ).
To summarize this, for every T ′-fragment F ′, one of F ∩ F ′, F ∩ F ′ is empty, and F ′ inter-
sects T . In particular, T ′ separates T and, thus, T separates T ′.
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According to [14], a graph G is called S-critical, if
(C1) S 	= ∅;
(C2) for every S ∈ S , there exists a T ∈ T (G) with S ⊆ T ; and
(C3) for every S-fragment F there exists an S′ ∈ S and a T ′ ∈ T (G) such that S′ ⊆ T ′ −F and
T ′ ∩ F 	= ∅.
Condition (C3) can be considered as a density condition to TS(G). In most of the specializa-
tions, for every S-fragment F there will be an S′ ∈ S such that S′ ∩ F = ∅ and S′ ∩ F 	= ∅ (this
could be considered as a density condition to S). If S has this property, then (C2) implies (C3),
so in order to prove that G is S-critical it suffices to check (C1) and (C2).
As an example, consider a graph G of connectivity k   0 and S := {S ⊆ V (G): |S| }.
For every fragment F , there is an S′ ∈ S intersecting F but not intersecting F . Therefore, a
noncomplete graph is S-critical if and only if for every S ⊆ V (G) with |S|   there exists
a T ∈ T (G) with S ⊆ T . Noncomplete S-critical graphs of connectivity k are often called
(k, )-graphs or -critically k-connected graphs. Hence S-criticality generalizes, in particular,
the concept of critically k-connected graphs (where  = 1).
Another example is constituted by setting R := {{x, y}: xy ∈ E(G)} for some noncomplete
graph G of connectivity k. It is easy to see that an edge e is not k-contractible in G if and only
if there exists a T ∈ T (G) with V (e) ⊆ T . From this it follows straightforward that G has no
k-contractible edge if and only if it is R-critical. Such a graph is sometimes called contraction-
critically k-connected.
More examples as well as further properties of (generalized) fragments, ends, and atoms have
been discussed in [14].
Let us come back to locally connected graphs. To emphasize it: The property of an edge e in
some locally connected k-connected graph G to be k-contractible means that G/e is k-connected.
It does not mean that G/e is locally connected k-connected. We start with the following lemma.
Lemma 2. Let xy be an edge of a locally connected 3-connected graph G such that
G(NG(x))− y is connected and {x, y, z} separates G for some vertex z.
Then every {x, y, z}-fragment contains a vertex y′ ∈ NG(x) such that the graph G(NG(x))−y′
is connected.
Proof. Set H := G(NG(x)) and let S be a spanning tree of H . Consider a T := {x, y, z}-
fragment F . Let us assume, to the contrary, that H −y′ is disconnected for every y′ ∈ V (H)∩F .
Since x ∈ T ∈ T (G), there exists a y′ ∈ F ∩ V (H). Since every component of H − y′ contains
an end vertex of S, which does not separate H and is, therefore, in F ∪ T by assumption, every
component of H − y′ contains a vertex of T , so one of y, z. It follows that H − y′ has pre-
cisely two components C,C, where we may assume that y ∈ V (C) and z ∈ V (C). In particular,
yz /∈ E(G). If V (C) intersected F then H − y would be disconnected, contradicting the con-
dition to y. So V (C) does not intersect F , and, in particular, y has no neighbor in F ∩ V (H).
Since G is 3-connected, y has neighbors a ∈ F and b ∈ F , and since G is locally connected there
must be an a, b-path P in G(NG(y)). P must intersect T , so it must contain x or z. It cannot
contain x since y has no neighbor in F ∩V (H), so it must contain z. But then z is adjacent to y,
contradicting yz /∈ E(G). 
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whose contraction preserves also local connectivity.
Corollary 2. Suppose that x is a vertex of a locally connected 3-connected graph G such that
G(NG(x)) is a path in G, and let y be either of its two end vertices.
Then G/xy is locally connected 3-connected.
Proof. Since G(NG(x)) − y is connected, G/xy is locally connected by Theorem 1. Assume
to the contrary, that G/xy is not 3-connected. Then T := {x, y, z} forms a separator for some
vertex z. By Lemma 2, each T -fragment contains a y′ ∈ NG(x) such that G(NG(x)) − y′ is
connected. So there are at least three vertices y′ in NG(x) such that G(NG(x))−y′ is connected,
which is impossible since G(NG(x)) is a path. 
Lemma 3. Suppose that x is a vertex of a locally connected 3-connected graph such that con-
tracting any edge incident with x produces a graph which is not locally connected 3-connected.
Let S := {{x, y}: y ∈ NG(x), G(NG(x))− y is connected}.
Then G is S-critical, and every S-end has cardinality 1.
Proof. Let H := G(NG(x)). Let y be an end vertex of a spanning tree of H . Clearly, H − y is
connected, so {x, y} ∈ S and, thus, S 	= ∅.
Let {x, y} ∈ S . By Theorem 1, G/xy is locally connected. It follows that G/xy is not
3-connected, so there exists a z ∈ V (G) such that {x, y, z} separates G. In order to prove that
G is S-critical, it thus suffices to prove that every S-fragment F contains some y′ ∈ NG(x) such
that {x, y′} ∈ S (then {x, y′} ⊆ T ′ − F for some T ′ ∈ T (G), and T ′ ∩ F 	= ∅). This follows,
however, directly from Lemma 2.
For the second part, suppose that F is a T := {x, y, z}−S-end, where {x, y} ∈ S . It contains a
y′ ∈ NG(x) such that H −y′ is connected, and there exists a T ′ ∈ T (G) containing x, y′. Since F
is an S-end, T ′ separates T . Hence T ′ intersects F , too, so T ′ = {x, y′, z′} for some z′ ∈ F . Now
if F ′ ∩ F 	= ∅ for some T ′-fragment F ′, then TG(F,F ′) is one of {x, y′, y}, {x, y′, z}, implying
that F ∩ F ′ would be an S-fragment properly contained in F , a contradiction. So F = {y′},
proving the lemma. 
The following result indicates that contracting edges may serve as an induction tool in the
class of locally connected 3-connected graphs.
Theorem 2. For every vertex x in a locally connected 3-connected graph G nonisomorphic to K4
there exists an edge e such that V (e) has distance at most 1 from x and G/e is locally connected
3-connected.
Proof. Suppose that the statement is false for some x. As in Lemma 3, let S := {{x, y}: y ∈
NG(x), G(NG(x))− y is connected}. Then G is S-critical, and there exists an S-end consisting
of a single vertex y′. Its neighborhood admits a spanning path abc, and contracting ay′ produces
a locally connected graph G′. By assumption, G′ is not 3-connected, implying that there exists a
T ′ ∈ T (G) containing a, y′. But T ′ cannot separate NG(y′), a contradiction. 
This reduction theorem leads immediately to a construction method for locally connected
3-connected graphs. Let w be a vertex of an arbitrary graph G and let X,Y ⊆ NG(w) such
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cording to (X,Y )), if V (G′) = (V (G) − {w}) ∪ {x, y} (where x 	= y are not in V (G)) and
E(G′) = E(G − w) ∪ {xy} ∪ {xz: z ∈ X} ∪ {yz: z ∈ Y }. Note that G can be obtained from
G′ by contracting xy to w. We call the splitting proper if X ∩ Y = ∅ and we call it admissible if
|X|, |Y |, |X∪Y |− 1 2. Note that a proper splitting with |X|, |Y | 2 is already admissible and
will keep a 3-connected graph being 3-connected.
By Tutte’s celebrated Wheel theorem, every 3-connected graph can be obtained from a wheel
by performing edge additions and proper admissible splittings. An analogue of this theorem is
far from being true in the locally connected case, since the addition of a single edge to a locally
connected graph could produce a graph which is not locally connected, and, even worse, any
proper splitting will result in a graph which is not locally connected. (Even performing a non-
proper admissible splitting could produce a 3-connected graph which is not locally connected.)
A straightforward but artificial way to overcome these problems is to call a splitting as above
locally connected if G′(NG′(z)) is locally connected for every z ∈ X ∪ Y ∪ {x, y}. Then, by
Theorem 2, every locally connected 3-connected graph can be obtained from a graph K4 by
performing locally connected admissible splittings.
4. A two-paths-theorem
It has been proved in [13] that removing a vertex x of a 3-connected graph not incident with a
3-contractible edge produces either a cycle or a graph G with two induced paths P1,P2 of length
at least 1 whose vertices have degree 2 such that G − V (P1), G − V (P2) are 2-connected and
V (P1)∩ (V (P2)∪NG(V (P2))) = ∅, i.e. the distance of V (P1) and V (P2) in G is at least 2. This
property turned out to be useful in various contexts, as it is demonstrated in [12]. Here we will
prove an analogous statement for the locally connected case.
In the following theorem we fix some vertex x and look at some selected edges xy incident
with x; for such an edge xy, G/xy would be locally connected by Theorem 1. If, among these
edges, there was a 3-contractible one then we could reduce G by contraction to a smaller lo-
cally connected 3-connected graph. If this reduction is not possible, we obtain some structural
information about G− x.
Theorem 3. Let x be a vertex of a locally connected 3-connected graph G. Suppose that every
edge xy incident with x such that G(NG(x))− y is connected is not 3-contractible.
Then either G − x is a cycle, or G − x admits two induced paths P1, P2 of length at least 1
with the following properties:
(1) dG−x(y) = 2 and G(NG(x))− y is connected for every y ∈ V (P1)∪ V (P2);
(2) NG−x(V (P1))∪NG−x(V (P2)) ⊆ NG(x);
(3) V (P1) ∩ (V (P2) ∪ NG−x(V (P2))) = ∅ (and, consequently, V (P2) ∩ (V (P1) ∪
NG−x(V (P1))) = ∅) (so V (P1), V (P2) have distance at least 2 in G− x);
(4) (G− x)− V (P1) and (G− x)− V (P2) are 2-connected;
(5) the graph obtained from G by contracting any edge of G − x incident with some vertex of
V (P1)∪ V (P2) is locally connected 3-connected; and
(6) G− V (P1) and G− V (P2) are locally connected 3-connected.
Proof. Let S := {{x, y}: y ∈ NG(x), G(NG(x)) − y is connected} as in Lemma 3. Assume
G− x is not a cycle. Let E := {{x, y} ∈ S: {y} is an S-end}.
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Since there exist S-ends and since each of them consists of a single vertex y such that
G(NG(x)) − y is connected by Lemma 3, E 	= ∅ holds. Since G is S-critical, every {x, y}
in E ⊆ S is contained in some T ∈ T (G). Finally, consider any E-fragment F ; since F is an
S-fragment as well, it must contain an S-end, which consists again of a single vertex y such that
S′ := {x, y} is in S . Since S′ is contained in some T ′ ∈ T (G), Claim 1 follows.
Claim 2. Every E-end has cardinality 1.
This follows just as above: Take a T − E-end F . It contains an S-end consisting of a sin-
gle vertex y such that S′ := {x, y} is in S , and S′ is in turn contained in some T ′ ∈ T (G).
Since T ′ separates T , T ′ intersects F , too, and T intersects every T ′-fragment in precisely
one vertex. Now F ∩ T ′ = {y}, and if F ′ is a T ′-fragment then F ′ ∩ F = ∅, for otherwise
{x, y} ⊆ TG(F,F ′) ∈ T (G) would follow, implying that F ′ ∩ F would be an E-fragment prop-
erly contained in the E-end F . Consequently, F = F ∩ T ′ = {y}, proving Claim 2.
Claim 3. There exist two induced paths P1, P2 of length at least 1 satisfying conditions (1)–(3)
of the statement.
Let {y1} be an arbitrary E-end and {z1} be an S-end contained in NG(y1). Note that y1, z1
form a path of length 1 whose vertices have degree 2 in G− x. We choose P1 among all induced
paths of G−x consisting of vertices of degree 2 and containing y1, z1 in such a way that P1 is as
long as possible. Since G − x is not a cycle and 2-connected, NG−x(V (P1)) forms a separating
set in G− x consisting of two distinct vertices s, t of degree exceeding 2 in G− x. Since neither
y1 nor its neighbor z1 separates G(NG(x)), there exists a cycle C in G(NG(x)) containing y1z1.
Observe that V (C) must contain V (P1) ∪ {s, t}. In particular, s, t ∈ NG(x) and NG(x) − y is
connected for every y ∈ V (P1). Since every vertex in P1 has degree 3 in G and is adjacent to a
vertex of degree 3 which does not separate G(NG(x)), P1 is formed by certain E-ends. Without
loss of generality, we may assume that y1 is an end vertex of the path P1, so P1 = y1, z1, . . . , and
we may assume that s is the neighbor of y1 among s, t .
Now F := V (P1) − {y1} forms an {x, y1, t} − E-fragment in G, and F contains an E-end,
which therefore consists of a single vertex y2 having degree 3 in G; its neighborhood contains an
S-end consisting of a single vertex z2, and as above we take a path P2 among all induced paths
of G− x consisting of vertices of degree 2 and containing y2, z2 in such a way that P2 is as long
as possible. Since s, t have degree exceeding 2 in G−x, V (P2) does not intersect V (P1)∪{s, t}.
This proves Claim 3.
Let us call an induced subpath P of G − x of length at least 1 a link, if dG−x(y) = 2 and
G(NG(x)) − y is connected for every y ∈ V (P ), and all neighbors of P in G − x have degree
exceeding 2 in G−x and are contained in NG(x). Note that V (P )∩(V (P ′)∪NG−x(V (P ′))) = ∅
for any two distinct links P,P ′. The paths P1, P2 of Claim 3 might fail to be links, as some their
neighbors in G− x could have degree 2 in G− x.
We prove now that there exist paths P1,P2 satisfying (1)–(4) by induction on |V (G)|. By
Claim 3, |V (G)| 6, and if |V (G)| = 6 then P1,P2 are paths of length 1 and NG−x(V (P1)) =
NG−x(V (P2)) = {a, b}, where a, b are adjacent (as G − x is not a cycle). In this case, P1,P2
satisfy (4), too.
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not 2-connected, for otherwise we take paths P1,P2 as in Claim 3 (they will be links), and these
satisfy (4), too. Let t be a cutvertex of (G − x) − V (P ). Since G − x is 2-connected, t is not
among the two neighbors of V (P ) in G− x, and {t, x, y} separates G for every y ∈ V (P ).
For the induction step, let G′ be the graph obtained from G by contracting an edge yz ∈ E(P )
to a new vertex w, and let P ′ be the path in G′ formed by the edges corresponding to those of P .
Clearly, P ′ is a link in G′. G′ is locally connected, since the three neighbors z, x and, say v, of
y in G form a path zxv. G′ is 3-connected (for otherwise there would be a smallest separator of
G containing y, z, which separates NG({y, z}) and, thus, had to contain x; but then {x, y} would
already be a separator of G, and this is absurd). Furthermore, G′ −x is not isomorphic to a cycle,
and, thus, contains paths P1,P2 in G′ satisfying (1)–(4) as in the theorem (with G′ for G). Since
(G′ − x)− V (P1) is 2-connected, P1,P2 do not intersect V (P )∪NG−x(V (P )).
It follows that P1,P2 are links in G, too; clearly, (G− x)− V (P1) and (G− x)− V (P2) are
2-connected.
This proves that there exists paths P1,P2 satisfying (1)–(4), and we prove that for any choice
of these (5), (6) are satisfied, too.
To prove (5), consider the graph G′ obtained from G by contracting an edge yz, where y ∈
V (P1)∪V (P2). NG(y) forms a path txz in G for some z ∈ V (P1)∪V (P2). Also NG(z) forms a
path of length 2 in G, in which y is an end vertex, so G(NG(x))−y is connected. By Corollary 2,
G′ is locally connected 3-connected.
To prove (6), consider the graph G′ := G − V (P1), and let NG−x(V (P1)) consist of the two
vertices t1, t2. Since no vertex of P1 separates NG(x), G′(NG′(x)) remains connected. Since the
unique neighbor of t1 in V (P1) is an end vertex in G(NG(t1)), G′(NG′(t1)) is connected and,
symmetrically, G′(NG′(t2)) is connected. Since G(NG(y)) = G′(NG′(y)) for all y ∈ V (G′) −
(V (P1)∪{x, t1, t2}), G′ is locally connected. If G′ had a separator T of cardinality at most 2 then
T would not contain x, since (G − x) − V (P1) is 2-connected. But then T would separate G,
too, since every vertex in V (P1) is adjacent to x. 
Let us have a look at an example. Take your favourite locally connected 3-connected
graph G′′. Choose a path abcd of length 3 in G′′. Add a second edge from a to b and one
from c to d , and subdivide each of the two new edges at least twice. The graph G′ obtained in
that way contains an a, b-path Q1 and a c, d-path Q2 of length at least 3 each, and all the interior
vertices of Q1 and Q2 have degree 2. To obtain G, add a new vertex x to G′ and make it adjacent
to every vertex in V (Q1)∪ V (Q2). It is not hard to see that G is locally connected 3-connected.
Since every neighbor of x in G is adjacent to a neighbor of x of degree 3, x is not incident with
a 3-contractible edge. Note that the interior vertices of Q1,Q2 induce paths P1,P2, respectively,
as in Theorem 3. Since G′′ has been chosen arbitrarily, we cannot expect much more structure
in G− x than provided by Theorem 3.
Theorem 3 has various consequences for locally connected 3-connected graphs, similar to
those of the corresponding result on 3-connected graphs [12]. One of them is an alternative proof
for Theorem 2, another one will be applied to a coloring problem later:
Corollary 3. If x is a vertex of degree at most 5 in a locally connected 3-connected graph G then
either G−x is a cycle or x is incident with an edge whose contraction yields a locally connected
3-connected graph.
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is not incident with an edge whose contraction yields a locally connected 3-connected graph.
Then there exist paths P1,P2 of length at least 1 as in Theorem 3. By (1) and (2) of Theorem 3,
X := V (P1) ∪ V (P2) ∪ NG−x(V (P1)) is a subset of NG(x), and by (3), |X|  6, so dG(x) 
|X| 6—a contradiction. 
5. Locally connected 4-connected graphs
In this section, we will characterize the locally connected 4-connected graphs which cannot
be transformed to a locally connected 4-connected graph by contracting a single edge.
The square G2 of a graph G is the graph defined by V (G2) := V (G) and E(G2) :=
{xy: distG(x, y) ∈ {1,2}}, where distG(x, y) denotes the distance of x, y in G, i.e. the length
of a shortest x, y-path in G (+∞ if x, y are in different components of G). It is easy to see that
the square of any graph is locally connected.
The square C2 of a cycle of length  5 is locally connected 4-connected, and contracting any
edge in C2 produces a graph which is not 4-connected. Figure 2 shows an example. As the main
theorem of this section indicates, the squares of cycles of length at least 5 are the only locally
connected 4-connected graphs which cannot be transformed to a smaller 4-connected graph by
contracting a single edge.
We will generalize Propositions 1 and 2 from [16]. To prove that generalization, we need a
well-known statement on 2-connected graphs, Theorem 4. Recall that a graph G is called almost
critical, if it is {∅}-critical or, equivalently, if G is noncomplete and every fragment of G is
intersected by some smallest separator of G. In [18] the following has been proved.
Theorem 4. Every almost critical graph of connectivity 2 has four vertices of degree 2.
We will use this to prove the following statement.
Lemma 4. Let x be a vertex of degree 4 in a 4-connected graph G nonisomorphic to K5 such that
every edge incident with x or incident with some neighbor of x of degree 4 is not 4-contractible.
Then every neighbor of x has degree 4, and G(NG(x)) is one of the graphs 2K2, P4, or C4,
where 2K2 denotes the 1-regular graph on 4 vertices, P4 denotes the path on 4 vertices, and C4
denotes the cycle on 4 vertices.
Fig. 2. The square of a cycle of length 36.
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edges of G at all.
Claim 1. Let w ∈ V (G) such that every edge incident with w is not 4-contractible. Let F be a
T -fragment such that T contains w and a neighbor of w. Then F is intersected by some triangle
which contains w and a neighbor of w of degree 4.
For the proof, let R := {{w,y}: y ∈ NG(w)}. There exists a TB − R-end B ⊆ F . Let
y ∈ B ∩ NG(w), and let z′ ∈ TB ∩ NG(w). There exists a T ′ ∈ T (G) containing w,y. By the
considerations following (1), T ′ separates TB . Since w ∈ T ′ ∩ TB , there exists a T ′-fragment
F ′ such that F ′ ∩ TB = {z} for some z and |F ′ ∩ TB | ∈ {1,2}. If |B| = 1 or F ′ = {z} then the
assertion is proved by the triangle wyz′ or wyz, respectively. So |B| 2 and F ′ intersects one of
B,B .
If F ′ ∩ B 	= ∅ then |TG(F ′,B)| >∗ 4, so |TG(F ′,B) − {z}| = |T ′ − B| 4, which is absurd,
since T ′ intersects B . So F ′ ∩B = ∅ and F ′ ∩B 	= ∅, which implies B∩F ′ =∗ ∅. Hence B ⊆ T ′,
and from |B| 2 we deduce |TG(F ′,B)| = |(T ′ −B)∪ {z}| (4 − 2)+ 1 < 4, a contradiction,
proving Claim 1.
Now let S := {{x, y}: y ∈ NG(x)}, where x is the vertex of the statement of our lemma.
Claim 2. Every S-end has cardinality 1.
Consider a TB − S-end B and assume, to the contrary, that it contains more than one vertex.
By Claim 1, applied to x,B for w,F , there exists a triangle xyz such that y ∈ B and one of
y, z has degree 4. If z ∈ B or y had degree 4 then one of {z}, {y} would be an S-fragment
properly contained in B . So z ∈ TB and z has degree 4. z must have a neighbor y′ ∈ B − {y}, for
otherwise B −{y} would be an S-fragment properly contained in B (as {x, y} ⊆ NG(B −{y}) =
(TB − {z}) ∪ {y} would hold), and z must have a neighbor y′′ ∈ B . By Claim 1, applied to z,B
for w,F , zxy′′ form a triangle.
There exists a T ′ containing z, y′ which must separate the path y′′xy induced by NG(z)−{y′}.
Therefore, x ∈ T ′ and y ∈ F ′ for some T ′-fragment F ′. Since TG(F ′,B) contains {x, z} ∈ S ,
F ′ ∩ B  B cannot be a TG(F ′,B)-fragment, and so |F ′ ∩ TB | >∗ |B ∩ T ′| and |B ∩ T ′| >∗
|F ′ ∩TB |. From y′ ∈ B ∩T ′ and y′′ ∈ B ∩F ′ it follows that |F ′ ∩TB |∗ |B ∩T ′| 1. As a con-
sequence of |T ′ ∩ TB | 2 then |F ′ ∩ TB | = |F ′ ∩ TB | = 1, T ′ separates TB and TB separates T ′.
However, |B ∩ T ′| 2 together with |TB ∩ T ′| 2 is in contradiction with B ∩ T ′ 	= ∅.
Note that, for Claims 1 and 2, we have not used the condition that w or x, respectively, have
degree 4.
Claim 3. If F is a T − S-fragment F such that F ∩ NG(x) = {z} then z has degree 4 and z has
a neighbor in NG(x)∩ T .
Let B be a TB − S-end contained in F . Clearly, ∅ 	= B ∩ NG(x) ⊆ F ∩ NG(x) = {z}, so
B ∩NG(x) = {z} and, since |B| = 1, B = {z}. Since B is an S-fragment, z must have a neighbor
y in NG(x); clearly, y /∈ F ∪ F , so y ∈ T , which proves Claim 3.
Claim 4. Every vertex in G(NG(x)) has degree 1 or 2.
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every T ∈ T (G) containing x, since T must separate H and H is spanned by a star centered at y.
Since {x, y} is contained in some T ∈ T (G), G − {x, y} has connectivity 2, and every frag-
ment of G−{x, y} must contain a neighbor of x (and of y). For every neighbor z ∈ V (H)−{y},
there exists a T ∈ T (G) such that x, z ∈ T . Since y ∈ T , T −{x, y} ∈ T (G−{x, y}). Therefore,
G− {x, y} is an almost critical graph of connectivity 2.
Since the vertices of degree 2 in G − {x, y} must be common neighbors of x, y, there are at
most 3 of them. This conflicts, however, with Theorem 4. So H has no vertices of degree 3.
Consider an S-end B . By Claim 3, |B| = 1, say B = {b}, and b has a neighbor in NG(x).
Analogously, any S-end C contained in B has cardinality 1 and has a neighbor in NG(x), imply-
ing that |E(H)| 2. Now suppose, to the contrary, that H has an isolated vertex y. Then H − y
has a spanning path y0y1y2. There exists a T ∈ T (G) containing x, y0. Since y1, y2 are adjacent,
there exists a T -fragment F such that F ∩ NG(x) = {y}. By Claim 3, y must have a neighbor
in H , a contradiction.
This proves Claim 4.
By Claim 4, G(NG(x)) is a graph 2K2, a graph P4, or a graph C4. In either case, we find a
perfect matching y0y1, y2y3 of G(NG(x)). Take a T ∈ T (G) containing x, y1. Since y2, y3 are
adjacent, there exists a fragment F such that F ∩ NG(x) = {y0}, so y0 has degree 4 by Claim 3.
By symmetry, every vertex in NG(x) has degree 4. 
Recall that a graph G is essentially 4-edge-connected if it is 3-edge-connected and for every
X ⊆ E(G) with |X| = 3, at most one component of G−X has more than one vertex.
Theorem 5. Let G  K5 be a 4-connected graph of minimum degree 4 such that every edge
incident with a vertex of degree 4 is not 4-contractible.
Then G is 4-regular.
In particular, G is contraction-critically 4-connected and therefore, by the results of [15],
either the square of a cycle of length at least 6 or the line graph of a cubic essentially 4-edge-
connected graph.
Proof. If G was not 4-regular then there would be a vertex x of degree 4 such that not all of its
neighbors had degree 4. Since every edge incident with x is not 4-contractible, this contradicts
Lemma 4. 
Equivalently, if a 4-connected graph of minimum degree 4 has a 4-contractible edge then there
must be one incident with a degree 4-vertex.
Theorem 5 has an interesting consequence for locally connected 4-connected graphs. For the
proof, we recall Theorem 1 of [14].
Theorem 6. [14] Let A be a TA − S-atom of a graph G and suppose there exists S′ ∈ S and
T ′ ∈ T (G) such that S′ ⊆ T ′ −A and T ′ ∩A 	= ∅.
Then |A| |T ′−TA|2 .
Theorem 7. Every locally connected 4-connected graph G nonisomorphic to the square of a
cycle admits an edge e such that G/e is locally connected 4-connected.
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locally connected. So, in other words, for every edge e ∈ E(G), G/e is not locally connected
4-connected. We have to prove that G is the square of a cycle.
Claim 1. Every edge incident with a vertex of degree 4 is not 4-contractible.
For the proof, let x be a vertex of degree 4. If G(NG(x)) has a vertex c of degree 3 then any
vertex y ∈ NG(x)− {c} does not separate G(NG(x)); by Theorem 1, G/xy is locally connected,
so G/xy is not 4-connected, implying that there exists a T ∈ T (G) containing x, y. Since T
separates NG(x)− {y}, it must contain c, and Claim 1 is proved in this case.
If, otherwise, G(NG(x)) has maximum degree less than 3 then it possesses a spanning
path P = y0y1y2y3; since y0 does not separate P , G/xy0 is locally connected. Hence xy0 is
not 4-contractible, implying that there exists a T ∈ T (G) containing x, y0. Since T separates
NG(x) − {y0}, it must contain y2. So the statement of Claim 1 holds for y ∈ {y0, y2} and, by
symmetry, for y ∈ {y3, y1}. So in either case, Claim 1 is proved.
In order to apply Theorem 5 we prove that G has a vertex of degree 4. Let S := {{x, y}: y ∈
NG(x), G(NG(x)) − y is connected}. By assumption, every S ∈ S is contained in some T ∈
T (G), and every x ∈ V (G) is contained in two distinct members {x, y1}, {x, y2} of S (where
y1, y2 may be chosen as two distinct end vertices of a spanning tree of G(NG(x))).
In particular, G is S-critical. By Theorem 6, it admits a TA − S-atom A with |A| 
κ(G)/2 = 2. We prove |A| = 1. For suppose, to the contrary, that A = {x, y} for distinct x, y.
There exists an S ∈ S − {{x, y}} containing x. Clearly, S ∩ TA 	= ∅, and we find a T ∈ T (G)
containing S. By Theorem 6, |A| |TA − T |/2 < 2, a contradiction.
Hence G satisfies the conditions in Theorem 5. Since a connected cubic graph G nonisomor-
phic to K4 has an edge not contained in a triangle, its line graph L(G) is locally disconnected.
Therefore, G is the square of a cycle of length at least 5. (Note that L(K4) ∼= C26 .) 
It is easy to see that for   7, C2 can be transformed to C2−2 by contracting two edges.
Taking C25 ∼= K5 and C26 ∼= K2,2,2 ∼= L(K4) into account, we thus obtain the following corollary.
Corollary 4. Every locally connected 4-connected graph G nonisomorphic to K5 and K2,2,2 has
a locally connected 4-connected minor H such that 0 < |V (G)| − |V (H)| < 3.
6. Higher connectivity
For k  5, the class of locally connected 5-connected graphs without 5-contractible edges is
rich, as it is demonstrated by the following example.
For   3 consider the wheel W2, where the central vertex x has degree 2 and the border
vertices are denoted by x0, . . . , x2−1. Let H be the graph obtained from this wheel by adding
2 new vertices y0, . . . , y2−1, where we connect y2i to y2i+1, x2i , and x2i+1, and connect y2i+1
to y2i , x2i+1, and x2i+2 (indices modulo 2). We refer to the pair (y2i , y2i+1) as to a spoke of H.
Figure 3 displays an example with six spokes.
Now let H be an arbitrary 3-edge-connected multigraph. For each vertex x of degree d in H ,
we take a copy Hx of Hd and a bijection φx from the edges incident with x to the spokes of Hx .
We may choose the Hx being vertex disjoint. Now, for each edge e = xy in H we consider the
two spokes φx(e) = (a, b) and φy(e) = (c, d) and identify either a = c and b = d or a = d and
b = c. The graph G obtained in this way is essentially 6-connected, i.e. all separators but those
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consisting of the neighborhood of some vertex (the trivial separators) have at least 6 vertices.
Furthermore, it cannot be contracted to a 5-connected graph by contracting less than 4 edges.
The class of graphs obtained in that way contains infinitely many planar graphs, and also graphs
with arbitrarily large complete minors.
As these examples suggest, it is difficult to determine the minor minimal 5-connected graphs
in form of a list. Indeed, this is an open problem:
Conjecture 1. [7] Every 5-connected graph contains a minor isomorphic to one of the six graphs
K6, K2,2,2,1, C5 +K3, I , I˜ , or G0.
Here I denotes the icosahedron, I˜ is the graph obtained from I by replacing the edges of a
cycle abcdea induced by the neighborhood of some vertex with the edges of a cycle abceda, and
G0 is the graph obtained from the icosahedron by deleting a vertex w, replacing the edge ab of
a cycle abcdea induced by the neighborhood of w with the two edges ac and ad , and, finally,
identifying b and e.
Dirac showed that every 5-connected planar graph contains the icosahedron as a minor [5].
Recently, Fijavž generalized this by determining the four minor minimal 5-connected projective
planar graphs to be the four projective planar ones mentioned in Conjecture 1 [7], which are K6,
I , I˜ , and G0.
A slightly different conjecture appeared in [12].
Conjecture 2. [12] There exist integers b, h such that every 5-connected graph G on at least b
vertices has a 5-connected minor H such that 0 < |V (G)| − |V (H)| < h.
The corresponding statement does hold if 5 is replaced by some integer k < 5, and it does not
hold if 5 is replaced by some integer k > 5, so here is a rather interesting gap to close. In [11]
it has been proved that if G is a 5-connected graph on at least 12 vertices such that for every
T ⊆ V (G) with |T | = 5, at most one component of G− T has more than one vertex, then G can
be transformed to a 5-connected graph by contracting 1, 2, 3, or 4 edges.
7. Cycle double covers in locally connected graphs
In this section we apply Corollary 1 in order to prove that every bridgeless locally connected
graph admits a cycle double cover.
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(H1, . . . ,Hk) of k even subgraphs of some graph G is called a k-cycle-double-cover or, briefly,
a cycle double cover of G, if every edge of G is contained in exactly two of the subgraphs Hi
(formally, |{i ∈ {1, . . . , k}: e ∈ E(Hi)}| = 2 for every e ∈ E(G)).
The famous cycle double cover conjecture (CDCC) states that every bridgeless graph admits
a cycle double cover [22,23]. Here we prove this in the case of locally connected graphs, using a
contraction argument.
Theorem 8. Every bridgeless locally connected graph admits a 3-cycle-double-cover.
Proof. It suffices to prove the statement for every connected locally connected graph G on at
least 3 vertices. We prove this by induction on |V (G)|. For |V (G)| = 3, the statement is trivial,
so let |V (G)| > 3. By Corollary 1, there exists an edge xy such that the graph G′ obtained from
G by contracting xy to a new vertex w remains connected locally connected and, thus, admits a
3-cycle-double-cover (H ′1,H ′2,H ′3) by induction. From local connectivity we deduce that there
exists a vertex z in G such that xyz forms a triangle in G. We may assume that the edge wz of
G′ is contained in H ′1,H ′2 without loss of generality.
Now we construct subgraphs H1,H2,H3 of G from H ′1,H ′2,H ′3 as follows, starting with three
empty graphs. If an edge e′ ∈ E(H ′i ) corresponds to exactly one edge e in E(G) then we add e
to E(Hi). If, otherwise, e′ = wz′ in E(H ′i )∩E(H ′j ), i 	= j corresponds to the two edges xz′ and
yz′ then we proceed as follows: If z 	= z′ then we let k be the element in {1,2,3} distinct from
i, j and add xz′ to both E(Hi), E(Hk) and add yz′ to both E(Hj ), E(Hk).
This construction leads to a collection H1,H2,H3 of subgraphs of G such that every edge
in E(G) distinct from xy, xz, yz is contained in exactly two of them, xy, xz, yz are contained
in none of them, all vertices distinct from x, y, z have even degree in each of the subgraphs
H1,H2,H3, z has odd degree in both H1,H2 and even degree in H3, the sum of the degrees of
x, y is odd in H1,H2, and even in H3. The parities of the degree of x in H1 and in H2 fix the
parity of the degree of x in H3 and, thus, the parities of the degrees of y in either of H1,H2,H3.
In either case it is possible to add each of the three edges xy, xz, yz to exactly two of the Hi in
order to construct even subgraphs, as it demonstrated in Table 1. 
As K2 is the only connected locally connected graph which has bridge, Theorem 8 implies
immediately the formally stronger statement that every locally connected graph without a com-
ponent isomorphic to K2 has a 3-cycle-double-cover.
Another class of locally connected graphs arises from a product construction. The lexi-
cographic product G[H ] of two graphs G,H is defined by V (G[H ]) = V (G) × V (H) and
E(G[H ]) := {(x1, y1)(x2, y2): x1x2 ∈ E(G) or (x1 = x2 ∈ V (G)∧ y1y2 ∈ E(H))}.
It is easy to see that if G is a connected graph on at least 2 vertices and  2 then G[K] is a
locally connected bridgeless graph. So, by Theorem 8, G[K] has a 3-cycle-double-cover.
Table 1
dH1 (x) dH2 (x) dH3 (x) dH1 (y) dH2 (y) dH3 (y) H1 H2 H3
Odd Odd Even Even Even Even xz xy, yz xy, xz, yz
Odd Even Odd Even Odd Odd xy, yz xy, xz xz, yz
Even Odd Odd Odd Even Odd xy, xz xy, yz xz, yz
Even Even Even Odd Odd Even yz xy, xz xy, xz, yz
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3-cycle-double-covers, too.
In fact, every graph obtained from a graph having a 3-cycle-double-cover by performing a
nonproper splitting at some vertex admits a 3-cycle-double-cover. The same (constructive) proof
technique thus leads to other classes of graphs having a 3-cycle-double-cover, for example, to
the following which we give without proof.
Theorem 9. Every bridgeless graph of order n  3 admitting a system of n − 2 edge disjoint
triangles has a 3-cycle-double-cover.
8. Cyclic colorings of locally connected planar graphs
Let G be a 3-connected planar graph G. A mapping f :V (G) → C is called a cyclic
C-coloring or a cyclic |C|-coloring or, more briefly, a cyclic coloring of G, if f (x) 	= f (y) for
any two distinct vertices x, y belonging to the same facial cycle. So the cyclic chromatic num-
ber χc(G) := min({k: there exists a cyclic k-coloring}) is the smallest number of colors needed
to color the vertices of G such that distinct vertices on the same face receive distinct colors.
A trivial lower bound for χc(G) is Δ∗(G), the maximum degree of the geometric dual of G.
Plummer and Toft conjectured χc(G)Δ∗(G) + 2 for every planar 3-connected graph [19].
For Δ∗(G) = 3, the conjecture follows from the 5-color-theorem, for Δ∗(G) = 4, it has been
proved in [2]. It is true for Δ∗(G)  24 [9], and it is even possible to improve the bound for
graphs with large facial cycles: For every planar 3-connected graph G with Δ∗(G)  60, even
χc(G)Δ∗(G)+ 1 holds [6].
Here we will sketch a proof for the locally connected case, which follows mostly the lines of
[19]—with two interesting short cuts relying on Corollary 3 and on the absence of certain face
patterns in locally connected 3-connected planar graphs.
Before starting this, we consider graphs without large facial cycles and obtain the following
corollary of the 4-color-theorem [20].
Theorem 10. Let G be a 3-connected planar graph such that Δ∗(G)  5 and such that the
facial cycles of length exceeding 3 are vertex disjoint. Then G is locally connected and χc(G)
Δ∗(G)+ 2.
Proof. As any vertex is contained in at most one facial cycle of length exceeding 3, its neigh-
borhood induces a path or a cycle. Therefore, G is locally connected. It remains to prove that
χc(G)Δ∗(G)+ 2.
For i ∈ {4,5}, let Ci denote the set of facial cycles of length i in G. If Δ∗(G) = 3 then the
assertion is true by Heawood’s 5-color theorem (see [4]). If Δ∗(G) = 4 then it follows from the
results in [2].
Suppose that Δ∗(G) = 5. We have to prove that G admits a cyclic 7-coloring. Let G′ be the
planar 3-connected graph by adding an arbitrary chord to each member of C4 ∪C5. By the 4-color-
theorem there exists a {5,6,7,4}-coloring f of G′. Observe that f is also a coloring of G such
that each member of C4 ∪C5 receives at least 3 colors. Therefore, for every C ∈ C4 we can choose
a representative vertex xC ∈ V (C) such that f (xC) ∈ {5,6}. Furthermore, every C ∈ C5 has two
distinct nonadjacent vertices yC, zC such that f (yC) 	= f (zC) and f (yC), f (zC) ∈ {5,6,7}, as
at most 2 vertices in C received color 4. Let X := {xC : C ∈ C4} ∪ {yC, zC : C ∈ C5}. Then
V (C) ∩ X = {xC} if C ∈ C4 and V (C) ∩ X = {yC, zC} if C ∈ C5. Now we can construct a
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to each cycle C ∈ C5 in such a way that none of these chords contains a vertex from X. By the
4-color-theorem, G′′ admits a {1,2,3,4}-coloring g, which is also a coloring of G such that the
three vertices in each C − X, C ∈ C4 ∪ C5, receive different colors. Now it is easy to check that
h(x) := f (x) for x ∈ X and h(x) := g(x) for x ∈ V (G) − X defines a cyclic {1,2,3,4,5,6,7}-
coloring of G. 
Now we are prepared to prove the main result of this section.
Theorem 11. For every locally connected 3-connected planar graph G, χc(G)  Δ∗(G) + 2
holds.
Sketch of proof. First note that the statement is true for a wheel Wn on n + 1 vertices, as
χc(Wn) = n + 1  n + 2 = Δ∗(Wn) + 2. We proceed by induction on |V (G)|. The induction
starts since the smallest locally connected 3-connected graph K4 is isomorphic to the wheel W3.
If there is a separating triangle T then we consider a component C of G − T and apply
induction to the locally connected 3-connected planar induced subgraphs G1 := G(V (C) ∪ T )
and G2 := G− V (C). After relabelling colors we thus find cyclic {1, . . . , k}-colorings f1, f2 of
G1,G2, respectively, such that f1|T = f2|T and k = max{Δ∗(G1)+2,Δ∗(G2)+2} holds. Since
the facial cycles of G are precisely the facial cycles of G1 and G2 distinct from T , k = Δ∗(G)+2
follows, and f (x) := fi(x) if x ∈ V (Gi) for i ∈ {1,2} defines a cyclic k-coloring of G, thus
proving the assertion.
Hence we may assume that G admits no separating triangle. Let us enumerate the neighbors
of some vertex x of G according to the rotation scheme of an embedding of G. Since G has no
separating triangles, adjacent vertices in NG(x) must be consecutive in this order. It follows that
H := G(NG(x)) is a connected graph of maximum degree at most 2 and, thus, a path or a cycle.
From this it follows, in particular, that x is incident with at least dG(x) − 1 facial triangles, and
so facial cycles of length exceeding 4 are vertex disjoint.
Let F(G) denote the set of all facial cycles of G and define C(x) := {C ∈ F(G): x ∈ V (C)}.
Consider the Euler distribution Φ defined by Φ(x) := 1 − (dG(x))/2 +∑C∈C(x) 1|V (C)| for x ∈
V (G), and observe that
∑
x∈V (G)
∑
C∈C(x)
1
|V (C)| =
∑
C∈F(G)
∑
x∈V (C)
1
|V (C)| =
∑
C∈F(G)
1 = ∣∣F(G)∣∣.
By Euler’s formula,
∑
x∈V (G) Φ(x) = |V (G)| − |E(G)| + |F(G)| = 2. Hence there exists a
vertex x of degree at most 5 in G such that Φ(x) > 0 (see [19]).
If G(NG(x)) is a cycle then by Corollary 3 there exists an edge xy such that the graph G′
obtained from contracting xy to a single vertex w is locally connected 3-connected. If, otherwise,
G(NG(x)) is a path then we take, more specifically, one of its end vertices, say y, and the graph
G′ obtained from contracting xy to a single vertex w will be locally connected 3-connected by
Corollary 2.
By choice of xy, x is contained in dG(x)− 1 facial triangles and one further facial cycle C of
length  3 which contains y as well.
By induction, there exists a cyclic {1, . . . , k}-coloring f of G′, where k := Δ∗(G′) + 2.
The partial coloring defined by g(z) := f (z) for z ∈ V (G) − {x, y} and g(y) := f (w) assigns
 − 1 different colors to C − x and at most dG(x) − 2  3 further colors to the vertices in
NG(x) − V (C). So the facial cycles of G incident with x receive at most  − 1 + dG(x) − 2
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propriate color c of {1, . . . ,Δ∗(G)+2} in order to construct a cyclic {1, . . . ,Δ∗(G)+2}-coloring
of G unless − 3 + dG(x) = k = Δ∗(G′)+ 2 = Δ∗(G)+ 2.
The latter equalities imply dG(x) = 5 and  = Δ∗(G), and from Φ(x) > 0 we deduce  ∈
{3,4,5} easily (or with help of the table in Section 2 of [19]). So Δ∗(G) 5 as well, implying
that G is a graph satisfying the conditions of Theorem 10. Consequently, χc(G)Δ∗(G)+ 2.
As the wheels show, we may not expect a bound for χc(G) better than Δ∗(G)+ 1.
9. Open problems
To continue the investigations in the latter chapter, note that there exist infinitely many
3-connected graphs G with χc(G) = Δ∗(G) + 2 (see [19]). However, none of these graphs is
of the type considered in Theorems 10 and 11. So there is still a gap to fill in the locally con-
nected case:
Conjecture 3. If G is a locally connected 3-connected planar graph then χc(G) Δ∗(G) + 1
holds.
A two-paths-theorem similar to Theorem 3 has been designed for 3-connected, not necessar-
ily locally connected graphs in [13], in order to partially answer the following conjecture on
3-connected graphs, due to McCuaig and Ota.
Conjecture 4. [17] For every integer k > 0 there exists a least integer f (k) such that every
3-connected graph G on at least f (k) vertices has a connected subgraph H on exactly k vertices
such that G− V (H) is 2-connected.
It might be possible to use Theorem 3 for proving this conjecture restricted to locally con-
nected graphs. This is also supported by the observation that the known graphs from which good
nontrivial lower bounds for f in Conjecture 4 can be derived are triangle free, whereas locally
connected graphs have many triangles.
Let us have a look at another attractive question, brought into play by Ryjácˇek.
The girth g(G) of a graph G nonisomorphic to a forest is the length of a shortest cycle, and
its circumference c(G) is the length of a longest cycle. We call a graph G weakly pancyclic,
if it is either a forest or it is not a forest and contains a cycle of length  for every integer 
with g(G)  c(G). Due to a beautiful simple proof by Balister, every spheric triangulation
(i.e. maximally planar graph) is weakly pancyclic (see [21]). Ryjácˇek conjectured the following
generalization.
Conjecture 5. [21] Every locally connected graph is weakly pancyclic.
Before reporting on further partial results on this conjecture, let us consider an example show-
ing that we may not expect hamiltonicity in Conjecture 5 even when strengthening the conditions
to both local and global connectivity arbitrarily.
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V (G). Consider a vertex x in a smallest separating set T of a locally k-connected connected
graph G and two neighbors y, z ∈ NG(x) in distinct components of G − T ; G(NG(x)) contains
k openly disjoint y, z-paths, and each of them must intersect T in an inner vertex, implying
|T | k + 1. So every locally k-connected connected graph is already (k + 1)-connected [3].
A large class of locally k-connected graphs can be obtained as follows. Let G be a graph and
  2. For a vertex (x1, x2) of the lexicographic product G[K], consider the subgraph H :=
NG[K]((x1, x2)) induced by its neighborhood. Since (x1, x′2) is the center of a spanning star of
H for every x′2 ∈ V (K)− {x2}, H is (− 1)-connected, so G[K] is locally (− 1)-connected.
Moreover, if G is k-connected then G[K] is (k · )-connected. Given k,   1 arbitrarily and
b > k · , the graphs Kk,b[K] show that there are nonhamiltonian graphs of arbitrarily large
local connectivity and arbitrarily large connectivity.
In [10], it has, however, been proved that G[K2] is weakly pancyclic for every connected
graph G, and in [8], squares of connected graphs turned out to be weakly pancyclic. Furthermore,
it is not hard to prove that every connected locally connected graph G of maximum degree at most
4 nonisomorphic to the square of a cycle has a vertex x such that G − x is connected locally
connected. As it has been proved in [3], every connected locally connected graph of maximum
degree 4 nonisomorphic to K1,1,3 is hamiltonian. These facts lead to an easy induction proof for
the statement of Conjecture 5 restricted to graphs of maximum degree at most 4.
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